Titanium gas turbine engine components may contain anomalies that are not representative of nominal conditions. If undetected, they can lead to uncontained failure of the engine and associated loss of life. A probabilistic framework has been developed to predict the risk of fracture associated with titanium rotors and disks containing rare material anomalies. A recent FAA Advisory Circular also provides guidance for the design of these components. However, some materials may exhibit relatively higher anomaly occurrence rates compared to those found in titanium alloys. In addition, the crack formation life for these materials may be non-negligible and must be considered in the risk computation. When these materials are used, a single disk could contain a number of anomalies with unequal crack formation periods, so the existing probabilistic framework is no longer valid. In this paper, a methodology is presented for probabilistic life prediction of components with relatively large numbers of material anomalies. It is an extension of the probabilistic framework originally developed for titanium materials with hard alpha anomalies. The methodology is presented and illustrated for an aircraft gas turbine engine disk. The results can be applied to fracture-mechanics-based probabilistic life prediction of alloys with large numbers of material anomalies. 
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I. Introduction
he materials used in aircraft gas turbine engine rotating components may occasionally contain anomalies introduced during the manufacturing process that are not representative of nominal conditions. For example, the premium grade titanium materials used for fan and compressor disks may contain brittle (hard alpha) anomalies that form during the triple vacuum arc melting process. These anomalies may occur anywhere within a billet and may change shape during the forging process. If undetected during manufacturing or subsequent field inspection, they can ultimately lead to uncontained failure of the engine. The consequences of this event can be catastrophic, including loss of life and loss of the aircraft 1 . T A recent FAA Advisory Circular (AC 33.14-1) 2 provides guidance on the assessment of the risk of fracture associated with inherent anomalies in high-energy rotating components. AC 33.14-1 describes a probabilistic damage tolerance process that can be used to predict the probability of fracture associated with titanium rotors, and establishes a design target risk (DTR) for this event. This document was developed for titanium materials with hard alpha anomalies. The occurrence of anomalies in this material is considered to be a relatively rare event.
A probabilistic framework was previously developed to predict the risk of fracture associated with rotors and disks containing rare material anomalies 3, 4 . It addresses the influences of the primary random variables such as initial anomaly size, applied stress, and fracture mechanics-related material variables. The framework was originally developed for titanium materials, where anomalies are assumed to form growing cracks during the first cycle of applied load. Since the anomaly occurrence rate associated with titanium is extremely small, component failure probability can be approximated as the sum of the failure probabilities of subregions (zones) of approximately equal risk 5 . However, some materials may exhibit relatively higher anomaly occurrence rates compared to those found in premium grade titanium alloys. In addition, the crack formation life for these materials may be non-negligible and must be considered in the risk computation. When these materials are used, a single disk could contain a number of anomalies with unequal crack formation periods, so the existing probabilistic framework is no longer valid.
In this paper, a more general methodology is presented for probabilistic life prediction of components with relatively large numbers of material anomalies. The methodology, based on the probabilistic framework originally developed for titanium materials with hard alpha anomalies 6 , is applicable to other alloys. The methodology is presented and illustrated for an aircraft gas turbine engine disk. The results can be applied to fracture-mechanicsbased probabilistic life prediction of alloys with large numbers of material anomalies.
II. Risk Assessment of Rare Anomaly Materials
AC 33.14-1 recommends the consideration of a number of variables for a probabilistic risk assessment of disk fracture, including initial anomaly size, component stress and volume, material properties, crack propagation life, inspection probability of detection (POD), and shop visit time. Many of these variables can be modeled parametrically using data from established sources. For example, the Advisory Circular provides a number of anomaly distributions for titanium materials that are based on industry melting, forging, and inspection processes. AC 33.14-1 also provides industry-developed data for modeling the inspection POD random variable. The main descriptors of the shop visit variable can be estimated from maintenance records associated with a fleet of aircraft.
A probabilistic framework 3, 4 was developed previously to quantify the risk of fracture associated with rare anomaly materials. It provides probabilistic treatment of the variables specified in AC 33.14-1, and introduces two additional random variables to address the variabilities associated with applied stress and crack propagation life values. A summary of the random variables considered in the framework is provided in Fig. 1 .
The computation time associated with a probabilistic fracture mechanics-based risk assessment may be nontrivial. To improve the efficiency of risk computations, an approximate solution is used to address the uncertainty associated with the location of the anomaly. As shown in Fig. 2 , the disk is subdivided into regions of approximately equal risk, called zones. The volume of material contained in a single zone will experience similar stresses, material properties, inspection schedules and POD, and therefore an initial anomaly located anywhere in the zone will exhibit a similar crack growth life. The crack propagation life is estimated using stress intensity factor solutions for cracks in rectangular plates 7 that approximate the actual component geometry and stress distributions (Fig 3) . For rare anomaly materials it is assumed that a zone has no more than one significant anomaly. To ensure a conservative risk estimate, the anomaly is placed in a location within the zone that minimizes the crack growth life values, also known as the life limiting location of the zone (Fig. 2) .
For rare anomaly materials, the probability of fracture is dependent on the size and the location of the anomaly within a component. Within a zone, the probability of fracture p i is given by: ( )
Events i A F and A are statistically independent, so Eq. (1) can be expressed as:
Within a zone, the conditional probability of fracture is bounded by the probability of fracture at the life limiting location:
Eqn. (4) provides an upper bound estimate for the conditional probability of fracture associated with a zone. As the number of zones is increased, the value of λ that is proportional to the volume of material in the zone:
The probability of fracture for a component is modeled as a series system of the m zones 5,6 :
If the mean anomaly occurrence rate is relatively small, the probability of more than one significant anomaly in the component is negligible, and Eqn. (6) reduces to
III. Risk Assessment of Multiple Anomaly Materials
The anomaly occurrence rate is highly dependent on the condition of the raw material (e.g., billet) and the manufacturing process (e.g., forging, machining) used to shape the material into the final component shape 10 . Some materials may exhibit anomaly rates that are significantly greater than those associated with titanium. Therefore,
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Surface crack Figure 3 . The crack propagation life is estimated using stress intensity factor solutions for cracks in rectangular plates.
some zones may contain multiple anomalies (Fig. 4) . If it is assumed that there are no physical interactions among anomalies in a zone, then the crack propagation life associated with each anomaly could be estimated using the rectangular plate stress intensity factor solutions (Fig 3) . However, the computation time associated with this approach for multiple anomalies could become unmanageable for the reasons cited in the previous section. Zone risk can instead be estimated by placing the multiple anomalies at the life limiting location (Fig. 4 ). This provides a conservative (upper bound) risk estimate that converges to the true solution as the number of zones becomes large 11 . Some anomaly types (e.g., titanium hard alpha) have negligible formation lives, and form growing cracks almost immediately 6 . However, in other materials, the crack formation life may be non-negligible and must be considered in the risk computation 12, 13 . A crack formation random variable can therefore be introduced to address the variability associated with the number of cycles required for an anomaly to form a growing crack.
Consider a zone that has multiple anomalies. The probability of fracture within the zone can be expressed as:
or:
It follows that: can also be expressed as:
Noting that the probability of fracture of a component is equal to the probability union of the zones and substituting Eqn. (9) into Eqn. (6), the following expression is obtained:
If zone failures are treated as independent events, Eqn. (12) becomes
Zone failures are generally partially correlated due to the inertia loading-based stress values that are simultaneously applied to all zones. Eqn. (13) provides a conservative estimate of the component failure probability (provided that correlation among zone failures is nonnegative). Note that if the number of anomalies is relatively small, Eqn. (13) can be approximated using Eqn. (7). 

A. Multiple Anomalies at Life Limiting Location
When multiple anomalies are present, the conditional probability of fracture of a zone can be modeled as a series system consisting of the failure associated with each anomaly:
As noted previously,
F has an upper bound value associated with the life limiting location as specified in Eqn. (4).
If it is assumed that all anomalies are at the life limiting location, Eqn. (14) becomes:
B. Poisson Distributed Anomalies
As previously noted, anomaly occurrence can be modeled as a Poisson distribution:
Substituting the expressions in Eqns. (15) and (16) into Eqn. (11), the probability of fracture for a zone becomes:
which can also be expressed as
Substituting this expression for p i in Eqn. (13) , the component probability of fracture becomes:
where zone failure within a occurs when the stress intensity factor at the life limiting location , i A L K exceeds the fracture toughness K C ::
IV. General Probabilistic Framework
In addition to inherent anomalies, engine disks may also be subjected to induced anomalies. These anomalies are introduced during manufacturing and handling operations, and are typically found on machined surfaces. Several researchers have reported disk failures that initiated at the interior surfaces of bolt holes 15, 16 , including some that have led to uncontained engine failures 17 . Inherent and induced anomalies are associated with different manufacturing processes, so risk assessment is often treated separately for these two anomaly types.
However, there are also many similarities in the risk assessment of components with inherent and induced anomalies. Most of the random variables are identical for these anomaly types (e.g., applied stress, crack growth life variability, inspection time, probability of detection). Life prediction for both anomaly types requires descriptions of crack geometry and associated boundary conditions, applied stresses on the crack plane, and fatigue crack growth properties. Although the specific stress intensity factor solutions may differ (e.g., induced anomalies located at bolt holes require special treatment), the growth process is often very similar for these two anomaly types. For component risk computations, Eqn. 19 is valid for both inherent and induced anomalies. For inherent anomalies, risk is computed for zones using a volume-based anomaly occurrence rate. For induced anomalies, risk is computed for features using an area-based anomaly occurrence rate. When appropriate, the random crack formation life (and associated variables) is included in the probabilistic assessment.
A summary of this approach is shown in Fig. 5 18 . It incorporates features that are common to these anomaly types into a general probabilistic framework, and addresses the additional variables associated with nonzero crack formation times. The major advantage to this approach is that it reduces the number of redundant computational algorithms that must be developed and maintained to support risk computations.
V. Application to Gas Turbine Engine Components
The probabilistic methodology for multiple anomaly materials is illustrated for the aircraft gas turbine engine compressor disk shown in Fig. 6 . Internal stresses and temperatures are based on finite element analysis results associated with four critical load steps in the flight cycle. The disk has a design life of 20,000 flight cycles. The disk is subdivided into 31 zones to account for the uncertainty associated with anomaly location.
Deterministic crack growth life is computed using stress intensity factor solutions for cracks in rectangular plates. The anomalies are placed at the life limiting location of the zone. The coordinates of the life limiting location can be identified by reviewing the life values associated with various placements of the anomaly within the American Institute of Aeronautics and Astronautics zone. For example, the normalized life contours associated with Zone 23 shown in Fig. 7 reveal the life limiting location that can be used for the probabilistic computations.
Zone probability of fracture values were computed using a combined technique of numerical integration and importance sampling 19 . Numerical results for the ten most risk critical zones are indicated in Table 1 . The zone conditional probability of fracture ( i A p ) values quantify the risk associated with an anomaly placed at the life limiting location, and are identical for both rare and multiple anomaly materials. However, the anomaly occurrence rates are significantly different for these two anomaly types, as are the associated zone unconditional probability of fracture (p i ) values. For rare anomaly materials, it is assumed that there is no more than one significant anomaly in the component, so component risk can be computed using Eqn. (7) . On the other hand, anomalies are more plentiful for multiple anomaly materials. It becomes increasingly likely that more than one significant anomaly will be present in the disk, so Eqn. (7) is no longer valid. Therefore, component risk is computed using Eqns. (13) and (17) for a finite number of anomalies or Eqn. (19) for an infinite number of anomalies.
Normalized risk values for multiple anomaly materials based on use of Eqns. (13) and (17) . Even for relatively high occurrence rates, the results converge to the infinite anomaly solution (Eqn. 19 ) provided that about 30 or more anomalies are considered in Eqn. (17).
The results shown in Fig. 8 are limited to the range of zone conditional probability of fracture values associated with the compressor disk example. To generalize the results, consider a fictitious component consisting of 100 zones that have identical i λ and i A p values. For this component, the ratio of the component risk computed using Eqns. (7) and (19) can be expressed as 20 : 
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The influences of anomaly occurrence rate and conditional probability of fracture on component risk evaluated using Eqn. (21) is illustrated in Fig. 9 . If i A p is relatively large (Fig. 9a) , the results of Eqns. (7) (Fig. 9b) , i λ must have a value of about 1 or greater to influence the results.
VI. Summary
A methodology was presented for probabilistic life prediction of multiple anomaly materials. It is valid for both inherent and induced anomalies placed at the life limiting location of zones. The methodology was illustrated for an aircraft gas turbine engine component, including the relative influences of the zone anomaly occurrence rate and conditional probability of fracture on overall component risk. The results can be used to extend the existing zonebased probabilistic framework for titanium materials (with hard alpha anomalies) for application to other alloys with a potentially large number of material anomalies. American Institute of Aeronautics and Astronautics
